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GLOBAL DYNAMICS BELOW THE GROUND STATE ENERGY 
FOR THE KLEIN-GORDON-ZAKHAROV SYSTEM IN THE 3D 

RADIAL CASE 

ZIHUA GUO, KENJI NAKANISHI, SHUXIA WANG 



Qh! Abstract. We consider the global dynamics below the ground state energy for 

■^ ' the Klein-Gordon-Zakharov system in the 3D radial case; and obtain the di- 

-^ I chotomy between scattering and finite time blow up. 

<(^ ■ 1. Introduction 

^ '. In this paper, we continue our study |9] on the global Cauchy problem for the 3D 

c^ I Klein-Gordon-Zakharov system 

— Au + u = nu, , . 

I n/a^ - An = -Au^, 

> 

O ■ with the initial data 

•^ . u(0,x) = Mo, u(0,x) = Ml, n(0,x) = no, n(0,x) = rii, (1.2) 

m . 

t:j- I where {u,n){t,x) : M^"*"^ — )■ M x M, and a > 0,a ^ 1 denotes the ion sound speed. 

O ' It preserves the energy 



Iwp -t- iVwp -I- Im]^ \D -"-np/a^ + |np n\u\'^ 



E{u,u,n,h) = / 1 dx, (1.3) 



^j I where D := \/—A, as well as the radial symmetry. 

c^ ■ This system describes the interaction between Langmuir waves and ion sound 

waves in a plasma (see [1], |5]). The local well-posedness (for arbitrary initial data) 
and global well-posedness (for small initial data) of (II. ip with a < 1 in the energy 
space H^ x L^ was proved by Ozawa, Tsutaya and Tsutsumi in [20]. We point out 
that (II. ip does not have null form structure as in Klainerman and Machedon [13] and 
this suggests that when a = 1 the system (II. ip may be locally ill-posed in H^ x L^ 
(cf. the counter example of Lindblad [2] for similar equations). Hence, we suppose 
a 7^ 1 here. When the first equation of (II. ip is replaced by c~^n — An + c^n = —nu, 
Masmoudi and Nakanishi studied the limit system (c, a — )■ oo) and the behavior of 
their solutions in a series of papers [T5]-[T7|. The instability of standing wave of 
Klein-Gordon-Zakharov system was studied in [6], [10] and [19]. Recently, in [9] the 
authors obtained scattering for radial initial data with small energy in the 3D case, 
by using the normal form reduction and radial-improved Strichartz estimates. The 
purpose of this paper is to consider the global dynamics for larger data under the 
radial symmetry. The idea of this paper is the same with [8] , in which we studied 
the global dynamics of Zakharov system. The main difference is that we can prove 
blow-up in finite time on one side of the dichotomy of global dynamics, whereas for 
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the Zakharov system the existence of any blow-up solution is still an open problem 
in three dimensions. 

It is well known [3l HJ [21] that there exists a unique radial positive ground state 
Q{x), solving the static equation 

-AQ + Q = Q\ (1.4) 

with the least energy 

,(Q):=/'MP±M^_M,,>o. (1.5) 



among all nontrivial solutions of ([L 

Since the Klein-Gordon-Zakharov system (11. ip has the following radial standing 
waves 

(n,n) = (±g,g2), (1.6) 

the goal of this study is to determine global dynamics of all the radial solutions 
"below" the above family of special solutions, in the spirit of Kenig-Merle [12], 
namely the variational dichotomy into the scattering solutions and the blowup so- 
lutions. For the dichotomy, we need to introduce two functionals (for Klein-Gordon 
equation), both of which are the scaling derivative of the static Klein-Gordon energy 
J: 



Ko{^):=dx\x=iJ{X^{x))= [ {\ip\^ + \Vip\^-\^\^)dx, 
K2{ip) := 9aU=iJ(A3/V(Ax)) = 1^ (\Vv\' - ^) dx. 



:i.7) 



The main result of this paper is 
Theorem 1.1. Assume that 

(mo, «i, ^0, ni) G Hl{^^) X Ll{M?) x ^^(^3) x H;\^') (1.8) 

is radial and satisfies 

E{uo,ui,no,ni) < J{Q). (1.9) 

Then for both i = 0, 2, we have 

(a) if Kiiuo) > 0, then (II. ip has a unique global solution {u,n), which scatters 
both as t —)■ oo and as t ^ — oo in the energy space; 

(b) if Ki{uo) < 0, then the solution {u,n) of (II. ip blows up infinite time. 

Remark 1. The condition (ll.9p is sharp in view of the standing wave solutions 
(1 1. 6 p which satisfies E = J{Q) and Ki = with different behavior from (a) and (b). 

Remark 2. The result (6) is also true for non-radial case. See the proof in Section [31 
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2. HAMILTONIAN and variational STRUCTURES 

2.1. Virial identity. We derive a virial identity on M'^ here, which is similar to 
that in [8] and will play a crucial role in the proof of the scattering. 
Let 

lit) = -2{u, (x ■ V + ^)u) - ^{D-'h, D'\x ■ V + ^)n), (2.1) 

2 a^ 2 

by integration by parts we have 

I'{t) = 2\\Vu\\l, + ^||n||i, + :^^\\n\\\_, - ^ / nu'dx 
2 2a^ ■" 2 J^d 



nr^/ \ I -'- II • ||2 I II 2||2 « 1 2 2\ 

2^2(M) + ^||n||^_i + -||n-M 11^2 —{n-u ,u ). 



(2.2) 



(2.4) 



2.2. Variational estimates. Let 

Go(^) ■■=J-^ = \Mm^ G^iv) ■■=J-^ = \\\^^\\l^ + \\Mh^ (2-3) 

The following characterization of the ground state Q is well known (cf. Lemma 2.1 
in pK]). 

Lemma 2.1. For i = 0, 2, 

J{Q) = inf{J(^)|0 ^^eH\Ki = 0} 

and these infima are achieved uniquely by the ground states ±Q. 
Since 

E{u,u,n,n] = / z 1 dx 

2 (2.5) 



by energy conservation and Lemma 2.12 in [11], we have 

Lemma 2.2. Assume that {u, n) is a solution to (11. ip with maximal interval I 
satisfying 

E{uo, ui, no, ni) < J{Q). (2.6) 

Then there exist 5 > such that for all t ^ I , one has either 

Kq{u) < -2( J(Q) - E{uo, Ml, no, ni)), 
^ K2iu) < -2{J{Q) - E{uo, Ml, no, ni)), 
or 

|2 



' ' ' "' ' 2 ■ 4 



|.|2 ir-i — 1'|2 I 2l2 

An) + I -Y + -^-T- + 4 d^ > ^(^)' 



A'o(n) > min(2( J((5) - £'(uo, Ui, no, ni)), (5||ti|||^i), 
K2{u) > min(2( J(g) - E{uo, m, no, ni)), <5|| VmH^^). 



(2- 



Especially, Ko{u) and K2{u) have the same sign and neither of them changes the 
sign on I. 
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Corollary 2.3. Assume that {u,n) is a solution to (11.11) with maximal interval I 
satisfying 

E{uo, Ml, no, rii) < J{Q)- K,{uo) > /or ^ = 0, 2. (2.9) 

Then I = (— oo, oo), and moreover, 

E{u,u,n,h) ~ ||^i||^i + ||^||i2 + ||n|||2 + ||n||/>_i (2-10) 



ko|||-i + Ikillia + 11^^01112 + ||ni||^_i. (2.11) 



Iff- 

Proof. Since K2{u{t)) > 0, we get (I2.10p immediately from 
J{Q) >E{u, M, n, h) - K2{u{t))/3 

1,,^ ,,2 M% + \\u\\% \\D-'h\\% 1„ 2„2 (2-12) 

-gl|v«IL2 + ^ + 4^2 +411^ ^ 11^- 

By the Sobolev inequality H^illL-i^ll^llHi, {u,u,n,n){t) is bounded in H^ x L^ x L^ x 
H~^, and thus by the local wellposedness we have / = (— cxd, cxd). D 

So far, the global well-posedness of part (a) of Theorem 11.11 is proved. It remains 
to prove the scattering and part (b). For all purposes, the virial estimates play 
crucial roles and we will use the following key observation. 

Lemma 2.4. Let ip e if-'^(M^) and z/ > satisfy 

J(¥^) + ^<^(Q). (2-13) 



Then, for z = 0, 2, we have 

K^iif) < =^ Ko{^) < -iy\\ip\\%. 



K,{^) > =^ 4/f2(<^) + iy'> V6iyMl„ ^2 14) 



Af-^^) = ^M'm - ^MU 



Proof. The first inequality has been proved in |8] by considering the L^ scaling of ip. 
Here, we only prove the second one and the third one. 

If Ki{ip) = then u = and the conclusion is trivial. Hence we may assume 
Ki{ip) 7^ as well as z/ > 0. 

For Ki{if) < 0, consider the L° scaling of (p. Since 

^11 11 2 H" \ 

^m\m-^WnL^, (2.15) 

There is a unique < /i 7^ 1 such that 

Mm=A^\\U (2.16) 

which is equivalent to KQ{fnp) = 0. Then the variational characterization of Q 
implies J{fif) > J{Q), and so 

^<J(M-^(^) = ^^^^^ll^llt (2-17) 

By denoting X := ||(/)|||/z/, the above inequality is rewritten as 

|^2_i|x>l. (2.18) 
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Hence, for Ko{ip) < 0, or equivalently < /.i < 1, 

I'Ml 1 



Therefore, the proof of the lemma is completed. D 

3. Blow up in finite time 

This section is devoted to proving part (b) of Theorem II. 1[ Suppose for contra- 
diction that the solution (m, n) exists for all t > 0. We define an auxiliary function 

hit) = \Ht)\\l,. (3.1) 

By direct calculation, 

/7(t) = 2\\u\\l. - 2\\Vu\\l. - 2\\u\\l. + 2 / nu'dx 

Jrs (3.2) 

= 2||M||i2 -2Koiu) + 2{n-u'^,u^). 

By Lemma [2.41 with u > \\n — u'^Wl^ and Holder, we have 

Iiit) > ^, (3.3) 

for some n ~ J{Q)—E{uq, Mi, no, rii) > 0. Hence Ii(t) is a uniformly convex function 
of t, and Ii(t) — >■ cx) as t — )■ +00. 

Let ijj G C^(M^) be a fixed radial function satisfying < ip < 1, iIj{x) = 1 for 
|x| < 1 and ipix) = for \x\ > 2. For any uq G L^, we can choose K > large 
enough such that \\J^^^ipi'^^ ^-^''^oWl'^ = ^o ^ 1) where Eq will be decided later. 
Denote uq^k = P<~Kno '■= F~^'ip{2^^)J^nQ. Inspired by [10] and [19], we set 

m = \Ht)\\l. + ^^\\n{t) - n,^K\\\... (3.4) 

then 

T^it) = 2{u{t),u{t))L2 + -^{n{t) - no,K, n{t)) ^.^ (3.5) 



and for t sufficiently large, we have 

5 
I'^{t) =5||m||^2 + ^ll^lli-i -6^(M,M,n,n) 

+ l|VM||i2 + \\u\\l2 + -\\n\\l2 + (r2o,x, n - u^) (3.6) 

since \{nQ^K-,n-u^)\ < \\no^K\\L'A\''^~'^'^\\L2 < C'^odNIUz + ||Vm||^2 + ll^H^a), and by 
choosing Eq '^ 1 such that Ceq < 1/100. Thus we get 

mm > limr- (3-7) 

Using this result, we can obtain 

[/-^/^(t)]" = -\i^'/\t)[Ut)r^{t) - limn < 0. (3.8) 
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Hence I2 (t) is concave for sufficiently large t; and there exists a finite time T* 
such that \im.t^T* hit) = 00. Since 



n 



cos( aDt)no + !l!li^^^^ + lma f e'''''^'-'^D\u(s)\^ds, (3.9) 



(3.10) 



we have 

||D (^ — ^0,/^)||Lj°°L2((0,T*)xR3) 

<||D"^(/ - P<^K)no\\LiiR-^) + aT*||P<_^rao||2 
+ T*\\D^ ^i||l2(r3) + T*\\u\\lo°l^{{o,t*)xk3) 

<(2 +T*)||rao||L2(Ig3) +T*||£)~ '^i||l2(]83) +T*||n||iooj:^l((0,T*)xM3). 

Thus one has T < 00 such that 

limsup||n(t)||^i = 00. C3 11) 

4. Concentration-compactness procedure 

It remains to prove the scattering in part (a) of Theorem 11.11 Thanks to the 
variational estimates in Section 2, we can proceed as Kenig-Merle. 

To simply the presentation, we rewrite the system fll.ip into the ffist order as 
usual. Let 

U:=u-i{Dy^u, M ■.= n-iD^^hla, (4.1) 

where {D) = (/ — A)-*^/^, then the equations for {U.N') are 

{idt + {D))U = {D)-\UU/A + MU/A + UU/A + MU/A), 

{idt + aD)J\f = aD{UU/A + UU/A + W/A + W/A) ^ ' ' 

with initial data {Uq.Nq) G H^ x L^ and energy 

E{U,Af) := E{u,u,n,n), Ki{U) := Ki{u) ioT i = 0,2. (4.3) 

For each < a < J{Q) and A > 0, let 

/C+(a) := {(/, (7) e Hi X Ll \ E{f,g) < a, K,if) > 0,2 = 0,2} 
5(a) := snpiWiU, Af)\\s \ (W(0),Ar(0)) G /C+(a), {U,Af) sol.}. 



(4.4) 



where 5* denotes a norm containing almost all the Strichartz norms for radial free 
solutions, including L'^{H^ x L^). See (I4.28P for the precise definition. For any time 
interval J, we will denote by S{I) the restriction of S onto I. 

From Corollary 12.31 we already know that all solutions starting from /€"*"(«) stays 
there globally in time. What we want to prove is the uniform scattering below the 
ground state energy, i.e. S{a) < 00 for all a < J{Q). Let 

E* ■= sup{a > I S{a) < 00}. (4.5) 

The small data scattering in [9] implies that E* > 0, and the existence of the ground 
state soliton implies that E* < J{Q). We will prove E* = J{Q) by contradiction, 
and thus finish the proof of Theorem ll.il (a). The main result in this section is 
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Lemma 4.1 (Existence of critical element). Suppose E* < J{Q), then there is a 
global solution {U^M) in IC~^{a) satisfying 

E{U,Af) = E\ \\{UM)\\si~oo,o) = m,N)\W,,oo) = oo. (4.6) 

Moreover, {{U,N'){t) | t G M} «s precompact in H], x L^. 

We will prove this lemma by the following concentration-compactness procedure. 
The main difference from Klein-Gordon is that we need to work with the solutions 
after the normal form transform. In particular, we have some nonlinear terms with- 
out time integration (or the Duhamel form). Besides that, we have various different 
interactions, for which we need to use different norms or exponents. 

4.1. Profiles for the radial Klein-Gordon-Zakharov. First we recall the free 
profile decomposition of Bahouri- Gerard type Pj. Actually we do not need its full 
power, as we can freeze scaling and space positions of the profiles thanks to the radial 
symmetry and the regularity room of our problem. Hence the setting is essentially 
the same as the Klein-Gordon case [TSl. 



Lemma 4.2. For any hounded sequence {fn^Qn) in H} x Li, there is a subsequence 
{fLd'n)' </ £ NU {oo}, a bounded sequence {P ,g^i<j^j in H}. x L^, and sequences 
{^n}nGN,i<j<j ^ ffi, such that the following holds. For any < j < J < J, let 



Unit) := e^*<^)/;. Unit) := e'*"^^; 






(4.7) 



i=i j=i 



Then for any j, /c G {1 . . . J}, we have P^ := lim„^oo^n ^ (0' i^o}, 

J ^k ^ lim \ti - t^l = oo, (4.8) 



(4.9) 



{U^\ N'^'^){t{) -^ weakly in H^ x L^as n -)■ oo, 
{U>\N>^){Q) -^ weakly m H^ x L'^as n ^ oo, 
and for V(5 > 0, 

lim_limsup[||W>'^|| 1/2-. + ||Ar>i^^.^-3/2-.^-3/2+«J = 0. (4.10) 

J — ^J Y) ^00 £00,2 £Voo,2'oo,2'' ^ ' 

Remark 3. 1) (14. 8p - ( 1491) implies the linear orthogonality 



lim ||W.(0)||^. - J2 W^iml^ - K'iOWn^ = 0, 

\ i=l / 

lim f IK(0)||i2 - Y. l|N^n(0)|li. - IK>J(0)||i2 ) = 0, 



(4.11) 



i=i 
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as well as the nonlinear orthogonality 

hm (i^,(W„(0))- Vj^,(U^jO))-i^,(W>J(0)) ) =0,^ = 0,2, 

lim (£;(M„(0),AC.(0))-V£(Ui(0),Ni(0))-£(M„>'(0),Ae-'(0)) ) =0. 
\ i=i / 

The same orthogonality holds also along t = t^ instead of t = 0. 

2) The norms in f l4.10p are related to the Sobolev embedding L^ C B^ . Inter- 
polation with the Strichartz estimate extends the smallness to any Strichartz norms 
as far as the exponents are not sharp either in L^ or in regularity (including the low 
frequency of M) . 

We call such a sequence of free solutions {(U{, N:^)}„eN a free concentrating wave. 
Now we introduce the nonlinear profile associated to a free concentrating wave 

(U„(t), N„(t)) = f/(t - t„)(f, g), too = lim t„ e {0, ±oo}, (4.13) 

where U{t) = e**^^^ © ^ttaD (jg^otes the free propagator. With it, we associate 
the nonlinear profile (il, D^T), defined as the solution of the Klein-Gordon-Zakharov 
system satisfying 

iU,X) = Uit){i,g)-i f U{t-s){{Dy\nu),aD\u\^){s)ds, (4.14) 

'-' — too 

which is obtained by solving the initial data problem (if too = 0) or by solving the 
final data problem (if too = ±oo). 

We call (iln(t), D^,„(t)) := (il(t — tn),^{t — t„)) the nonlinear concentrating wave 
associated with (U„(t), N„(t)). By the above construction we have 

||(U„,N„)(0) - (iU,0^n)(0)||HixL2 = ||f/(-tn)(f,g) - (il,^)(-tn)|klxL2 ^ 0. 

(4.15) 

Given a sequence of solutions to the Klein-Gordon-Zakharov system with bounded 
initial data, we can apply the free profile decomposition Lemma [4. 2 1 to the sequence 
of initial data, and associate a nonlinear profile with each free concentrating wave. 
If all nonlinear profiles are scattering and the remainder is small enough, then we 
can conclude that the original sequence of nonlinear solutions is also scattering with 
a global Strichartz bound. More precisely, we have 



Lemma 4.3. For each free concentrating wave (U^, N;^) in Lemma \4^ let (ii:^, ^D 
be the associated nonlinear concentrating wave. Let {Un,N'n) be the sequence of 
nonlinear solutions with (W„,Ar„)(0) = (/„,5'„). // ||(il^, DT^)||s(o,oo) < oo for all 
j < J, then 

limsup||(W„,A/'„)||5(o,oo) < oo. C4.ig) 

To prove Lemma 14. 3[ we need some global stability. In the next subsection, we 
will refine the normal form reduction and the nonlinear estimates that was used in 
[H] , and then prove Lemma 14.31 and Lemma 14.11 
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4.2. Nonlinear estimates with small non-sharp norms. In order to obtain the 
nonlinear profile decomposition, we need that the non-sharp smallness fl4.10p is suf- 
ficient to reduce the nonlinear interactions globally. The idea is to use interpolation, 
thus we need to do more refined estimates than in [9], more precisely, to avoid using 
the sharp (or endpoint) norms with L^ or L^. 

4.2.1. Modifying the nonresonant part. Following the idea of [8], we modify the 
resonance decomposition in [5] of the bilinear interactions nu and |mP as follows. Let 
u = Xlfeez ^kU be the standard homogeneous Littlewood-Paley decomposition such 
that supp J^PfcM C {2*^"^ < 1^1 < 2*^+^}. For a parameter /3 > /ca+| log2CQ,| + | log2 (5o|, 
where ka, Ca and 6a were given in [5] such that the resonance disappeared for 

J2 PkMP<k^kM and Y. PkUP<k^kM- 



fcgZ fcGZ 



Let 



(4.17) 



XL := {(j, k) eZ^\]> max(A; + A;„, /?)}, 

RL := {(j, k) eZ^\\j\< (5 and k < max(j - A;„, -/3)}, 

LL ■= {(j, k) E 1} I max(j, k) < -/?}, 

LH := {(j, k) eZ^ \k> max(j - ka, -/?)}, 

HH := {(j. A;) G Z^ I \j - k\ < ka and max(j, k) > /?}, 

RR := {(j, k) eZ^ \ max(j, k) < /?}, 

and LX := {{k,j) \ {j,k) E XL}. Then 

Z^ = {XL U LL) U {RL U Lif) = (XL U LX) U (ifLT U RR), (4.18) 

where all the unions are disjoint. For any set A C Z^, and any functions f{x),g{x), 
we denote the bilinear frequency cut-off to A by 

ifg)A = J"^' fvAf{^ - vmv)dv ■■= E (Pjf)(Pk9)- (4.19) 

(i,fc)GA 

For the nonlinear term nu = MU/A + MU/A + MU/A + MU/A, we apply the time 
integration by parts on XL U LL., where the phase factors 

Wl = -(0 + «l^ - ^1 + (^), C^2 = -(0 - «le - ^1 + (^), 

W3 = -(0 + «|^ -V\- iv), ^i = -(0 - a|^ - ^1 - (^)- 

are estimated 

(^1,(^2 ^a\^ - v\ and 6^3,^4 ~Q,({) inXLULL, (4.20) 

both of which are gained in the bilinear operators 

n,{f,g) ■.= :F-' [ VxLuLL^^^^^^^^dv, ^= 1,2,3,4. (4.21) 
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For the nonlinear term uu = UU/A+UU/A + U'^/A + U'^/A, we integrate by parts on 
XL U LX. Then we get a bihnear operator of the form 

a,{f,9) := :F~' [ VxLuLX^^^^M^dv, (4.22) 

where 

u^ = -«iei + (e - r/) - iv), U2 = -«iei -{^-v) + iv), 
^3 = -«iei + {^-v) + iv), ^4 = -«iei - (e - ^) - (^)- 

Since Uj and cu^ are in the dual relation with the correspondence ^ H- ?7 — ^, we have 

wi,a;2~a|^| and W3, W4 ~q, (^ — 77) in XL U LL. (4.23) 

In order to simplify the presentation, we assume that a < cl and the nonlinear 
terms in the first and second equation of (14.21) are AfU and UU respectively. For 
other cases, the proof is almost the same. 

After this modification of the normal form, we can rewrite the integral equation 
for IK2\} as follows. Let 

U := iU,Af), W° := U{t)U{0) = (e'*<^>W(0), e^*"^Ar(0)). (4.24) 

For the fixed free solution U^, the iteration W ^-^ U is given by 

U=U^ + U{t)B{U{0),U{0)) - BiU'M') - QiU'M') - T{U',U',U'), (4.25) 

where the bilinear forms B, Q and the trilinear form T are defined by 

BiUiM : = m^iM,Dh{UiM), 

QiiiiM -.=1 I U{t - s){{Dr\M,U2)LHURL,D{U,U,)HHURR){s)ds, 

Jo 

T{UMM:=i I U{t - s){a{D)-^n{D{UjA2)M:i) + {D)-'^{Mi,{D)'\N2U:,)), 
Jo 

DQ(Ui,{D)-\M2U3))is))ds. 

where fi = f2i and f2 = f^i. For brevity, we denote 

NL{Ui,U2,U3) ■.=B{UiM2) + QiUiM+TiUiMM, NL{U) := NL{U,U,U), 
B{U) ■.=B{U,U), Q{U) := Q{U,U), T{U) := T{U,U,U). 

We can estimate each term in the Duhamel formula using some powers of Strichartz 
norms with non-sharp exponents. For brevity of Holder-type estimates, we denote 
the space-time norms by 

(6,rf,s):=LyX<^,2, 

(6, d±e, s)+ := (6, d + e,s) + {b,d- e, s), (4.26) 

(6, d± e, s)n := {b, d + e,s) H {b,d — e, s). 



This is the physical case in plasma 
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Using the above notation, we introduce nearly full sets of the radial Strichartz norms 
for the Klein-Gordon and the wave equations. Fix small numbers 

< K < £ < 1, (4.27) 

and let 

if-l(0,2,0|i)n(-.---,--«|- + 3)l, 

»^.= (o.i.o)n(i.i-^.-i-K). (^-^s) 

^ 2 ^ ^2 4 3 4 ^ 
S ■.= KxW. 

where ||W||(b^d^sj|s2) := \\P<oU\\[b,d,si) + \\P>o^\\{b,d,s2)- Also we denote the smallness 
in f l4.10p by using 

II^IU - ll^ll,.,^-^-V ll-^ll^ ^= ll-^ll.-(B-^%B-^V ^^=^x^- (4.29) 

^t (-«oo,2 ) ^t (■t'00,2 +-t*oo,2 ) ^ ^ 

In order to control the nonlinear terms by interpolation between S and Z, we 
will choose {b, d, s) for U and A/" respectively to be H'^ admissible with < s < 1 
and L^ admissible for radial functions. Moreover, we will choose 6 < 1/2 and 
{b,d) y^ (0, 1/2). Besides that, we will use the sum space! with small e > for A/" 
and the intersection for U, so that we can dispose of very low or high frequencies, 
and sum over the dyadic decomposition without any difficulty. 

4.2.2. Bare bilinear terms. First consider the bilinear terms which do not contain 
the time integration, namely the boundary term in the transform. 

Lemma 4.4. (a) There exists 6 > such that for any M and U, we have 

\\{Dr'^{UM)\\K<2~''\\u\\]^%\mv\\mx\w\\Y- (4.30) 

(b) There exists 9 > Q such that for any U and W , we have 

pfi(W,W')|k<2-^^||W||],-1W'||^-^||W||^||W'||^. (4.31) 

Proof, (a) For (j, k) G XL, we have only high frequencies. By the Coifman-Meyer- 
type bilinear estimate on dyadic pieces (see [TJ Lemma 3.5]), we have 

\\{D)-'n{N,Mk)\\i^,,ifl) < \\{D)ni{D)-'^f,Mk)\\L^L^ 



<\\{D) miioMemW^k 



{0Me,0)+\Mk\\(0,^±e,0) 



n 



<2-/^A°||(D)-W,||(o,.^,,^)J|W.||(o,^±,o)n, 
and by non-sharp Sobolev embedding 

4 1 

l|Wfc|l(0,A±,,o)n < \H\\io,l^±3e)n - ll^^ll J) i ,o|l) H^^ H fo,0,-i-5.)- 



^This is because 7V(0) G L^ while U{0) e H^ = L^CiH^. 
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Similarly, for (j, k) G LL, we have only low frequencies and then 

||(L')"^l](7Vj,Wfc)||(0,i_o) < P~^A/'j||(o,^±£,o)+ll^fc|l(0,ii±e,0)n 

5:2 '^^^ \\D AfAlfn 2 I, 1 \ , ll^fclLn ii-i-«- n^^- 
~ II JII(,U,jj±e,-j(j)+ II 'cinu,3g±£,Ujn 

By non-sharp Sobolev embedding, 

4 1 

l|Wfc|l(0,§±e,0)n ^ ll^fc||(o,§,^±3e)n ^ ll^fc II ("o, i ,0) II^^H ?o,0,-i-e)- 

Thus we obtain, after summation over dyadic decomposition, 

\\{Dr'n{^M)\\^o^,,oii)<2-''\m]<'\m]v'\mum'Y, (4.32) 

for some small ^ > 0. Similarly, for (j, k) G XL we have, 

\\{Dy'n{Af,,Uk)\\aJL^^ ^+^) 

II \ / \ J ' ' " l2'10 3 ' 10^3'' 

<||(D)f]((D)"X->Wfc)llfl 3 « 3 ,.^ 

~ll\ ' ^\ ' J' ''^IH.2'T0-3'~T0+3^ ('4 331 

and 

" •^"(.4'30~3='='^'~T0~'"-'+ ~" ■^"l.4'40~6'~40~2='='^^^+ ~ " -^ " ^ 4 ' 40 ~6 '~ 40 ~ 2 ^■^'^> + 

<(l|A6llli,o)IIAGIl|,i„.,_i„.))^l|A6IIJ,o,-|±i5.),' 

l|Wfc|l(i,^±s,-i + |.)n <l|WA:||(i,i_i«,^ + |.±3e)n ^ ll^fc || ( i , i _ i «,_i.„^_3.|| + |-3.) 

5 2 7 _3_ 

~^l'^'="a4-f.|-l^ + f)"^'"'o,i,0|l))'"ll^'=ll(0,0,-^10e)5 

and for (j, k) G LL we have 

\\{D)-'Q{Af,M)ki,A.-^,o) ^ P~'A/;-||(i,i_.±,,o)J|W/cll(i X±,,o)n ^^g^^ 



and 



\D A/'j||/i j_„-_t£_j_), <||A/'jiM 5 «. 5 « 

•' V 4 ' 1 R 3 ^^ ' 2(1 / + -" 



ill(3.E-!±=.-3ii)t ~ll-"jll(i,i-f,-t-!±3=) + 

<(iiAGiiL,„,iiA/;iiL_._._.,)'iiA6ii,t,_.,,.,^ 



||Wfc|Ll X±eO)n ^II^A,-||(i X±e_J_)„ < ||Wfc||/i ii_K A_«_ 
" V4)30^^'"/'l ^^" \4'30 ' 20'''' M'-s 



<(ll^fcll?iA_:.2_.J|Wfc|lLn0^ll^fc ' 



'40 6 ' 40 2 



'3e) 



1(1 A_|,|_^)ll-fe|l(0,|,0)^ ll-fc|l(0,0,-i-12.)- 

Hence in either case we can control by non-sharp norms, so 

\\{DrM^M)\\K<2~''\mK'\\mw'\m'x\m'Y- (4.35) 
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(b) We may assume (j, k) G XL, since the other case LX is treated in the same 
way. Similarly to the above, we have 



(4.36) 



\\Dn{Uj,U'k)\\L-°L'^ < ||Wj||(o^i^o)||W(||(o^i^o) 

<2-^^'°im-||(o,ii)l|Wfell(o,i,o)- 
Note that we have only high frequencies for U, we have 

ll^ll(0,i^)<II^IIJ,.,)ll^lllo,-i-e)' 
1 1 

ll^fcll(0,i,0) ^ ll^fcllj,i,0|l)ll^fcllj,0,-i-e)- 

Hence 

\\Dfi{UM')\\L^L^<2~''\mi^'wVK'\mui^'rx- (4.37) 

Similarly, we have 

\\DmM)\\a,i-f,-k-.) ^ ii^ii(ii-t,-i-«)ii^^ii(ii-i) 



^2-^/"ll^il(i|-f,-i-.)ll^ll(ii-i) 



(4.38) 



^4'8 3' 40 ' "■ " V418' 

and 

1 1 



'^2 '10 3' 10 ' 3' V"'"' 2 

1 1 

117/' II ^ 117/' II ^ 117/' II 2 117/' II 2 

ll"/cll{i,i,-i) ^ ||"fc||(i,|5-|,-^_|) ^ ll"fcll(i,^_.,|_,|^+«)ll"fcll(o,o,-i-2K)' 

so 

\\DniuM')\\w<2~''\mK'w'\\K'\mxm\x- i^-m 

Thus the proof is completed. D 

4.2.3. Duhamel bilinear terms. Next we consider the remaining bilinear terms in 
the Duhamel form after the normal form transform. Here we have to use the radial 
improvement of the Strichartz norms. For brevity, we denote the integrals in the 
Duhamel formula by 

Iuf:= te'^'-'^^''^f{s)ds, lMf:= fe'^'-'^"'' f{s)ds. (4.40) 

Jo Jo 

Lemma 4.5. (a) There exists 6 > and C{f3) > 1 such that for any M and U, we 

have 

\\iu{Dr\m),H\\K<cm\m]A\nw'\\m'x\\mY. 
\\iu{D)-\Mu)nL\\K<cmm]A\mw'mx\w\\y- 

(b) There exists 6 > and C{/3) > 1 such that for any U and W , we have 

\\imd{uu%h\\w <cmm'K%p'\\]A\mx\\urx. 
\\iM{uu')nn\\w <cm\m]Ap^\]Aprx\prx- 
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Proof. In this proof we ignore the dependence of the constants on /3. 
(a) For (j, k) G LH, we have for < s < 1 + 26, 

||(D)-l(Ar,.Wfc)||(i_2e,l+2.,s+2.) 
^ll-^^-|l(i-.,i-.±f,-i-4.)JK^)"'^^ll(l-.,l+3.±4,.+i+6.)n (4-41) 

where in the second inequahty we used that k is bounded from below. Since 

£l|AGIi;r|-,,-i-J|AGIlS,o,-|±S,.. 

<||Wfc||(i_e,^_|e_i(l_2£K^-^e+i(l-2£)K-£2) 

~ll^fc||fl ±_!1 ± + !l)\\^k\\(QQ_l_^)', 
(.2 '10 3 '10 +3 -I *• ' ' 2 2'' 

and the left hand side of fl4.4ip is iJ^-admissible norm for the Strichartz estimate 
(without the radial symmetry), we obtain the full Strichartz bound in H^. 

For (j, k) e RL, we only have the low frequencies of U and we may neglect the 
regularity of A/" and the product. Using the radial improved Strichartz, 

||(D)-^(Ar,.Wfe)||(i+2.,f-3e,0) < l|A/;-||(i-.,l-|.,0)l|Wfc||(3e,i-|.,-.^) (4.42) 

and 






'(|'ITI-f'§-)" ''"(O'I'O)' ll-*=ll(0,0,-i-.)' 

Summing these estimates over dyadic pieces in the specified regions, and using non- 
sharp Sobolev embedding and interpolation, we obtain 



\\Iu{Dr\^fu),^u<cmml 
\\iu{D)-\Afu)RL\\K <cmmi 



K IK'*' WW ll'^'IIXll-'^ lly; 



K w-'^ WW li'^iixiK'^ iiy- 



(b) We consider only the case j > k for UjUl, since the other case is treated in 
the same way. For (j. A;) G HH ., there are only high frequencies for both U and W . 
Hence, we have 



and 



\Pj^k\\ {l~2e,\+2e,l+ie) ~ \\Uj\\{^-e,\+e,\+2e)Wk\\{\-e,\+e,\+2e) (4.43) 

\\Uj II (!_,,!+,, i+2e) SPj II ( 1 _e A_ 3,_ 1 (i_2eKl§-M,_(i„2.)K) 

~II^J II (i-£, j|-§£-i(l-2e)K,^-f e+i(l-2£)K-£2) 

~ll^jllri l_ii :L+«jm('ll(o,0,-i-S)' 

>'2'10 3 '10 +3-' *• ' ' 2 2 1 
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In the case (j, k) G RR, since j is bounded from above, 

||WjWfc||(i+e,|,|+£) < \m\C-^e,^ + le,^+e+e^)\\K\\i3e,^^--le,-e^)- (4.44) 

There are only low frequencies in this case. Hence 

Il^ill{i-e,i + |£,|+e+e2) S\^j\\{^^e,^{l~2e)~l{l-2e)K,^-^e~il-~2e)K-~e^) 

^ll^ill[i,|_|,|_«)ll^jll?0,0,-i-i.)' 

and then 

\\i^Diuu')nR\\w<c{mmK-'\\i^TK-'\mx\mx- 

n 

4.2.4. Duhamel trilinear terms. Finally we estimate the trilinear terms which appear 
after the normal transform. These are supposedly the easiest, but there is a small 
complication due to the fact that we have to use negative Sobolev spaces for M in 
some of the products: 

\\f9\\B-i<\\f\\B-l\\9\\Bs, 

r,2 p,2 9,2 /^ ^^\ 

0<s <3/q, 1/r = l/p+l/q- s/3. 
In the next lemma, the constant may decay as /3 — )■ oo, but we do not need it. 
Lemma 4.6. (a) There exists 6 > such that for any U,V,yV,J^,^J'', we have 

\\Iu{Dr'^iAr,{D)-\M'U))\\K<\\Af\\]^'\\AfTw'\\^^^^^^^ 
(b) There exists 6 > such that for any MM M'; we have 

\\Ij^DQ{{D)-\ArU),U')\\w + ||/^^^(W, {D)-\j\fU' 

s\mw'\\m]AmK'\\my\m'xwrx- 

Proof, (a) Since 

||(Z})-^(](D(WV)„ W,)||(, 1,1) = ||(](D(WV)„ W,)||(i 1,0) 



\w 



< ||(WV)j>Vfc)||(i,i,o) < ||W||(i, 1,0)11 )/||(i,i_o)||KK||(i, 1,0), 

by non-sharp Sobolev embedding and interpolation, 

(-1 1 n^ ~ll^llfi A_2^ J__2..-| < ||W||cl J 2„ 1 2 



(4.46) 



1 



^(""«^4-i4-~i*.i,ll"IIJ,io|..)'ll«llL,-l-...- 

Hence 

||/^(D)-^f](D(WV),>V)||K<||W||],-^||V||],-^||W||],-lW||^||V||^||W||^. (4.47) 
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For {Oy^ni^j, {Dy\U'U)k), if (j, A;) e XL, we have 

<P"'Ar,||(,_^^2.±f,5.)JI(-^'^)*^ll(l+.,i-2.±4,-f-5.)n 

where we used the product estimate for negative Sobolev spaces for M'U] and 

^2'10 3 '5 ''I lO"*" 3 



(4.48) 



'-2'in 3'5 '"lin+3^ *'^''^' 2 2J 



1^ -^jll(i_e,2£±4,5e)+ ^ll■^ill(i~£,i-f-i(l-2£K-i-|e-(l-2e)K±i£2)^ 

<J|A/'illJi|_|,_i_,)l|A/'jll(0,0,-f±|)+' 



n^ I 



(2£,|-l£±4,-|-5£)+ -ll-'^ \\[2e,\-le-^^Ke,-y-iKe±\e^) + 

<(\\Kr\\^\ . II A/"!!"^ ^1--' 



n^ 



(ii-t,-l-«)ll-'^ 11(0,1,0)^ ll-/V||(o,o,-|±|) 



+ 



||l](Ar,,(D)-^(Ar'W)fc) 



If (j, /c) G LL, we have 

"|l1L2 
<||D-W,||(i_^_2.±f,5.)+ll^ll(2e,|-|.±f,-|-5e)+ll^ll(i-.,i + ^e±^,|+5.)n- 

By non-sharp Sobolev embedding, 



(4.49) 



(i-£,i + ^.±4,|+5.)n ~ ll^ll{i-s4-|.-i(l-2eK|i-f e-(l-2e)^±e2)n 
~ll^ll(i-£,^-|e-i(l-2e)K,§-fe-(l-2e)K-e2|^-f £+i(l-2e)K-e2). 

Hence 

l|/./(/^)-'fi(Ar,(I^)-'(Ar'W))||^<||Ar||J^-lAA'||^-lW||i7^||Ar||^||Ar'||^||W||^. 



(4.50) 



(b)For DVt{{Dy\j\fU)M'). we have 

pl^((D)-\Arw),W')llLiL2 



(/^)-^(Arw)||a+,3_2,,o)l|W'||(i ,i+2.,o) 






(4.51) 



£,T + ire,l+5e) 



n 



~ll-^ll(2.,|-I.±f,-|-5e)JI^II(i-e,i + ^e±4,|+5e)nll"'ll(|---i + f-.f+5e)' 
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where we used the product estimate twice, but did not use any restriction on j, k. 
Hence we have the same estimate on DQ(p(, {D)~ [MU')), and so 

\\Ij^Dn{{D)-\MU)M')\\w + WDn{u, {D)-\MU'))\\w 

s\mw'\m'K'\\urK'\\mumx\\urx- 

Thus, the proof is completed. D 

Note that in the above estimates we needed the Lf^-type norms only for the bare 
bilinear terms, but not for the Duhamel terms. Thus we have obtained 

Lemma 4.7. There exist 6 > 0, r] > and C{f3) > 1 such that for each (3^1 and 
any hli,U2,U3, we have 

\\na^,uM)\\s<m]fimi-'m^^^ 

For the Duhamel terms we have also 

\mui,m\s<cmmsW\s, 
\\Tiu^M2M)\\s<\msm\s\m\s^ 

where 

S ■.= KxW, 

~ ,, \ 2 4,^ 3 8 , ,1 3 K 1 ,7 K,, 

K := [(^, - - -./, -r^ll - -r, + -nrf) H (^^ J^ - g- 5 " -Ij^ + 3)], (4.54) 

^.11 1 , ,1 1 K 1 

W^:=(^,2-2^'-4^)^(2'4-3'-4-'')- 
4.3. Nonlinear profile approximation. We will prove Lemma W!^ and then prove 
Lemma 14.11 by the following two lemmas. 

Lemma 4.8 (Stability). For any A > and a > 0, there exists <;" > with the 
following property: Suppose that lAa satisfies ||Wa|| 5(0,00) < ^ cind approximately 
solves the Klein- Gordon-Zakharov system in the sense that 

Ua = U{t)UM + U{t)B{UM) - NL{Ua) + e, ||e1U(o,oo) < ^. 

Then for any initail dataU{0) satisfying ||W(0) — Wa(0)||j/ixL2 < <;", there is a unique 
global solution U satisfying \\U — Ua\\s{o,oo) < c"- 

With J close to J and large n, our approximate solution is given by 

J 

Ui = {UiMi) ■■= E(^n'^n) + ^^n'M^')- (4.55) 

To prove Lemma 14. 3[ we only need to prove that U^ is an approximate solution of 
the Klein-Gordon-Zakharov system. In fact, we have 

Lemma 4.9. Suppose that ||(il{, 9T^)||5 < 00 for all j < J, then 



hmjimsup \\U{t)B{Uim - NL{Ui) - Yj^U{t)B{^M) " NL{^i)\\\s = 0. 

i=i 



18 Z. GUO, K. NAKANISHI, S. WANG 

The proofs of Leinina 148) and Lemma US] are almost the same with Zakharov case 
in [S] since we have got the same nonhnear estimates with the latter. By these two 
lemmas, we can prove Lemma 14.31 and Lemma l4.ll similarly as [8]; and hence we 
omit the details here. 

5. Rigidity Theorem 

The main purpose of this section is to disprove the existence of critical element 
that was constructed in the previous section under the assumption E* < J{Q). The 
main tool is the spatial localization of the virial identity. We prove 

Theorem 5.1 (Rigidity Theorem). Let iU^M) he a global solution to (14. 2 p satisfying 
Ki{U) > Ofori = 0,2, andEiU.Af) < J{Q). Moreover, assume {{U,Af){t) : t G M} 
is precompact in H^ x L^. Then W = A/" = 0. 

Proof. By contradiction, we assume iU^M) ^ (0,0). Then by the compactness we 
may assume further U ^ 0, since otherwise A/" would be a free wave and dispersive. 
We divide the proof into the following three steps: 

Step 1: Energy trapping. 

We claim that for any e > there exists C > 1 such that 

||n(t)||i. < C||Vn(t)||i. + e{\\uml. + ^||n(t)||i. + ^||n(t)||^_,), (5.1) 

for all t G M. Furthermore, there exist c > such that 

ft 
{K2{u{t)) + ||n(t)||^_i + \\n - u'^\\l2)dt > ctE{u,u,n,h), (5.2) 



for all t > 0. 

First, we prove (15. ip . Otherwise there exists a sequence tk, k ^N such that 

\Htk)\\h > k\\'^uitk)\\h+ei\\uit,)\\l, + ^\\nitk)\\l. + ^11^(4)11^-0. (5.3) 

Since u{t) is L^ bounded, it follows 

l|Vn(4)lli2^0. 

By the precompactness of {u{t) : t G M}, we get that up to a subsequence {u(tk),n(tk)) 
converges to some {f,g) in H^ x L^, so the above implies that u{tk) — ?> strongly 
in H^. Then by the above inequality, we have 

Mtk)\\h + Mtk)\\h + \\h{tk)\\l_, ^ 

which contradicts to the energy conservation and (I2.10p . 
Next, we prove (15. 2p . Applying (15. ip with s = 1/4, we have 

dt{u{t),u{t))i,2 = ||n||^2 — ||Vn|||2 — 11^11^2 + / nu^dx 

II • Il2 iirv Il2 II ||2 ■'■ II 2||2 , ■'■ n ||2 , ■'■ n ||4 (^A\ 

= \m\h - VM f2 - \\u\\r2 - -\\n -u \\t2 + - n fa + - m % \^-^) 

11 11 

>-Lii.mO II iiO -'-II iiO ^-j\\ ■, F iiO ^ ii.iiO -'-II OiiO 

IKZ I IZ I I IZ /^ T \ I Z IZ ZIZ 

-i^\Ml^ + \\u\\l2 + -||n||^2 - c\\Vu\\l2 - ^IpIIh-i - 2 II'^ - ^ 11^2- 
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Thus, 

//ll-ll2 II ll2 II ll2 ll'll2 \7 ^^ m / • • \ [O.Oj 

{^iMl^ + \Ml^ + -7\Ml2 + . 2 \MH-^>dt - CE{u,u,n,n) 

>ctE{u,u,n,h). 

By Lemma [2.21 (15.2!) was obtained. 
Step 2: Uniform small tails. 
We claim that for any e > 0, there exists R > such that at any t G M, we have 

l^"'(ler'l^(OI)r + l^r + l^"'^^!' + \VD^^n\'')dx < e. 

Indeed, since {{U,J\f){t) : t G M} is precompact in H^ x L^, by Sobolev embed- 
ding and the L^-boundedness of D~^V, we get the result. Then the claim follows 
immediately. 

Step 3: Contradiction to the local virial estimates. 

For any i? > 1, let iI)r{x) = ip{x/K), where ip G C^(M'^) is a fixed radial function 
satisfying < ^ < 1, drtp < 0, iplx) = 1 for |a;| < 1 and ijj[x) = for |a;| > 2. We 
consider the local virial estimates as follows: 

Init) = -2{^Ru{t), (x • V + hu{t)) - l^{ijj,D-'h{t), D-\x ■ V + 2)n{t)). (5.6) 

2 a^ 

First, we observe that 

\lR{t)\ < R\\u\\LAMm + R\\N\\l2 < R for Vt > 0. (5.7) 

On the other hand, 

4(t)=-2|(V;^n(t),(x-V + ^)n(t)) 

- ^^(^«/^-^n(t), D-\x ■ V + 2)n{t)) ^^'^^ 

■.=1 + 11. 

First, we compute I. Using the equation and integration by parts, 

3 3 

/ = - 2{ijR{Au -u + nu),{x-\/ + -)u) - 2{iPru, (x ■ V + -)u) 

=2{V^Pr ■ Vu, (x ■ V + -)u) + 2{ijR, |VuH ^5^9) 

- (V^fi ■ X, |VmH - (V^^ ■ X, \u\^) 

+ C^ipR ■ x,nu^) + {iJjrx ■ Wn,u^) + (V'i/'ij ■ x, \u\^). 
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Next, we compute II. 

II = - {tlj^D~^A{n - u^),D~\x ■ V + 2)n) 
1 

~^ 






Thus, we get 

I'S) =1 + // 

11 f 

=2||VM||i2 + -||r2||i2 + ^||n||^_i -2 / nu'^dx + Tn{t) ^^^^^-^ 

where 

T«(t) = - 2(1 - ^«, iVnp) - 1(1 - ^«, \VD~'n\') 

^ ■{!- tljR, \D-'h\^) - 2(1 - tPn, VD~W ■ VD~^n) 



2a2 

+ 2{WiIjr ■ WD-\^, D~^n) - {VipR ■ x, | Vm^ 

-{VijR-x,\u\^) + {VijR-x,nu^) (5.12) 

+ {VipR ■ X, |mH + (V^ij ■ VD-^n, (x ■ V + l)D~^n) 

- l(x ■ V^R, iVZ^-^np) + -L(x ■ V^ij, l/^^^np) 
2 2a^ 

- ([/}, ^,?](/^-^(x • Vn)), Inp) + 2(VV'i? ■ Vn, (x • V + ^)u) 
and the commutator 

[D,^R]f:=D{ijRf)-^RDf. (5.13) 



From Lemma 12. 4[ we get that 

1 I, -1,2 1 



I'Rit) =2K2{u) + ^\h\\\_^ + ttII^ - ^li^ - (n - M^^M^) + TR{t) 



2 1 1 .„ o„o 1 



> 2(1 - ^)K2{u) + (- - _)||n - «li2 + ^II^IIh-1 + ^iiW 



(5.14) 



for Vt > 0. Assuming for the moment that hm/j_j,oo ^_r(^) = 0, by (15. 2p . we have 

lR{t)dt>ctE{u,u,n,h) (5.15) 

Jo 

for R sufficiently large. Thus we get 

Init) >lR{0) + ctE{u,u,n,n), 
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which contradicts (15. 7p for sufficiently large t. 

To prove lim Tji{t) = 0, it remains to handle the commutator term 

Cjiit) := {[D,4!n]{D-\x ■Vn)),\u\'), 

since all the rest terms in TR(t) follow immediately from step 2 and Holder inequality. 
Note that 

[D, ^Pr]{D~\x ■ Vn)) = [D, tPnKx ■ VD-^n) - [D, i^R]{D~^n). (5.16) 

Then this term follows from the lemma below by taking / = D~^n. D 
Lemma 5.2. Assume < e < 1 and -R>1. Then 

\\[D,^j,]f\\L2<\\g\\Le^\,\>R.-.^ + R~'\\Df\\L2, (5.17) 

\\[D,^R]x-Vf\\L^<\\Df\\L^, (5.18) 

\\[D,^R]x-Vf\\mi.i<Ri-^)<R"^'\\Df\\L. + \\g\\LS^\,\>Ri-.^, (5.19) 

where g = J^~^\f\. 

Proof. First we show ( 15.17^ . Taking Fourier transform, we have 

\Ti[D,^R]m)\ 
<\ [ {\^i+^2\-mM^i)m)\ 



[ MM^i)\ ■ \m)\ + [ MM^i)\-\m) 



</ MM^i)\-\m2)\. 

Then 

\\[D,Mfh<\\J'^\MM^i)\)-9h 

<||^-i(iei||^(6)l)ll3ll^l|L6(H>ii-) + i?-i/^/IU^ 

where we used |^~Hl^ill'V'/?(^i)l)l~-R~"'^ ^^d embedding. 
For (15.181) and (I5.19p . direct computations show that 

j'i[D,ijR]x-vfm 

= - Jm - l6l)S(e - 6)Vc, ■ (6/(6))c?6 

V6[(ie|-I6l)^(e- 6)] -6/(6)^6 

-I6ii5(e - mi^2)d^2 + 1 jm - i6i)^(e - 6) ■ 6/(6)^^6 

-\^2\M^im2) + t{\^i + 61 - 161)5^(6) ■ 6/(6). 
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Thus we get 



|^([z^",^«]x ■ v/)(OI< / \mM^i)\ + \xM^i)\ ■ m ■ 1/(6)1 

and then 

\\[D,^Pn]x-Vf\\L^<\\Df\\L^. 
Then we have 

J'i[D,i;n]x-Vfm 

-|6l£(ei)/(6) + ^(16 + 61 - 161)5^(6) -6/(6) 

«=?i+6,ISil«l6l 

-|6IV^(ei)/(6) + ^(16 + 61 - 161)5^(6) ■ 6/(6) 



'«=?i+6,l?il>l6l 
:=J-[M(/)]+^[E(/)]. 

As before, we have 



l-^[^(/)](OI< / \mM^i)\ + \xM^i)\ ■ 161) ■ 1/(6)1 

and then 

ll^/||2<||^l|L6(|.|>i?i-.)+i?-iI^/|U^,. 

To estimate M(f), we need to exploit a cancelation. Since 

'^^'■^^'"'^^'-16 + 61 + 161 ^^ 



we get 



J'lMif)] = f -|6lS(6)/(6 



+ I |/i%^|^ftl ■ ^^i*(^i) ■ ^2/(6) (5.20) 

Denote ^s = (6,1; 6,2, 6,3)) ■5 = 1,2, then the second term equals to 

^l6l«l6L-fc=i I6 + 42I + |^2| 



(6 + 26) 



6^/?(6)/(6) 



6i«i6i 16 + 61 + 161 
+ / i/lV^i^fti ■ a;iW'ij(6) ■ 6/(6). 



GLOBAL DYNAMICS BELOW GROUND STATE FOR KLEIN-GORDON-ZAKHAROV 23 

Thus, we get 

J^mi)] = I ( |/l^^|^f'|, I ■ 6 - l6l)^(6)/(6) 

For I, by mean value formula, we have 



and then 

For II, we see 



|/|</ \ii\-\Mii)\-\f{i2)\ 
•J\ii\<i2\ 



J/ = / K{x -yi,x- y2)ipR{yi)Df{y2)dyidy2 
where K is the kernel for the bilinear multiplier 

with the symbol 

|?1 + ^2| + \C,2\ \C,2\ 

It is easy to see from direct computations that m satisfy the Coifman-Meyer's 
Hormander-type condition, and then 

\K{x -yi,x- y2)\<{\x - yi\ + \x - y2\)'^- 

If \yi\ ~ R, |x|<i?^~', then \K{x-yi,x -y2)\<{R+ |2/2|)"^- Thus we get 

Therefore, the lemma is proved. D 
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